A random phase approximation (RP A) calculation and a direct sum over states is used to calculate second-order optical properties and van der Waals coefficients. A basis set expansion technique is used and no continuumlike functions are included in the basis. However, unlike other methods we do not force the basis functions to satisfy any sum-rule constraints but rather the formalism (RP A) is such that the Thomas-Reiche--Kuhn sum rule is satisfied exactly. Central attention is paid to the dynamic polarizability from which most of the other properties are derived. Application is made to helium and molecular hydrogen. In addition to the polarizability and van der Waals coefficients, results are given for the molecular anisotropy of H 2 , Rayleigh scattering cross sections, and Verdet constants as a function of frequency. Agreement with experiment and other theories is good. Other energy weighted sum rules are calculated and compare very well with previous estimates. The practicality of our method suggests its applications to larger molecular systems and other properties.
I. INTRODUCTION
accurate results can be obtained.
Atomic and molecular polarizabilities (along with the anisotropy in the case of molecules) play a central role in the investigation of such important properties as the optical refractivity, 1 Faraday rotation, 2 Rayleigh scattering cross sections, 3 and van der Waals coefficients. 4 Experimental data on these atomic and molecular properties are far from satisfactory over a wide range of frequency values (e. g., in the vacuum uv). Experimental data are especially scarce in the case of Rayleigh scattering cross sections and depolarization ratios as well as in the rotational and vibrational Raman scattering cross section where the polarizability tensor and its variation with internuclear distance are required. 5 Although Raman scattering experiments could in principle provide a direct measurement of the polarizability anisotropy, very few values have actually been obtained.
Another alternative, and this one more closely related to ours, is the variational one. u- 16 In this method the oscillator strength distributions are determined from a variational procedure subject to certain sumrule constraints. The resulting finite spectrum does not necessarily represent an actual one (i.e., not all the poles correspond to actual states of the system) but can provide accurate values of the polarizability.
Theoretical predictions of atomic and molecular polarizabilities are therefore useful in the analysis of available experimental data and are frequently the only available estimates of many second-order optical properties. For this reason considerable effort has been put on the theoretical and semiempirical computation of the dynamic polarizability of atomic and molecular systems. These methods involve procedures which circumvent the infinite sum over intermediate states in the Kramers-Heisenberg dispersion formula. One such class of methods consists of employing oscillator strength distributions and excitation energies from theoretical calculations or experiment to construct bounds for the polarizability using the theory of moments, 6 Pade approximants, 7 Gaussian quadratures, 8 and similar bounding techniques. 9 An alternative approach is the semiempirical one 10 in which oscillator strength distributions from experiment are used in the Kramers-Heisenberg dispersion formula. In cases where sufficient spectral data are available, The method used in the present work is a direct sum over states procedure in which the spectrum is obtained from the random phase approximation. Next we describe our approach and apply it to several second-order optical properties of helium and molecular hydrogen. In general, agreement with previous computations and with •o. 252rr ~ o. 7917.
the available experimental data is seen to be good. The basis sets and excitation spectra used are given in Appendices Band C, respectively.
II. THEORY
Application of the semiclassical theory of the interaction of radiation with matter is known to lead to the correct results for a wide variety of phenomena of interest. Such is the case, for example, of the dynamic dipole polarizability of atomic and molecular systems, for which the formal Kramers-Heisenberg dispersion formula applies,
ntO no (1) where the Sn..a is a summation over the discrete part and an integration over the continuous part of the spectrum. Atomic units are used throughout unless otherwise stated. The fno and wno are the oscillator strength and the excitation energy, respectively, for the transition between state In) and the ground state 10) of the system.
Similarly, the long range van der Waals force coefficients for the interaction between two species A and B is given by 18 • 19 (2) where e(a, b) is a constant which depends on the nature (whether atom or molecule) of the species and symmetry of the component of the polarizability to which the Cab in question is related. Appendix A gives the values of e (a, b) for various atom-molecule and molecule-molecule interactions. These may be easily derived from the definitions of the van der Waals coefficients in terms of the polarizability for imaginary frequencies as given elsewhere. 10 We assume the following definitions for the oscillator strengths and polarizability components: 
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and the anisotropy by y(w) = a 11 (w)-a 1 (w).
(7) (8) Several macroscopic properties are directly related to and determined by the microscopic atomic and molecular polarizability and anisotropy. The optical refractivity is connected to a(w) by the Lorenz-Lorentz formula,
where N 0 is the number density of a dilute gas. The Verdet constant is related to the frequency derivative of the polarizability through the Becquerel formula
where c is the velocity of light. The Rayleigh scattering cross section involves both the trace of the polarizability a(w) and the anisotropy y(w),
a(w) and y(w} also completely determine the Rayleigh depolarization ratios and Raman scattering cross sections. Vibrational Raman scattering is analogously determined by the variation of the polarizability components with internuclear distance. Thus a detailed knowledge of the dipole polarizability of system conveys a wealth of information on its optical properties.
The difficulty with Eqs. (1) and (2) is that they assume a complete knowledge of the excitation spectrum of the system involved, and the determination of all the excitation energies and oscillator strengths in intractable. The cumbersome infinite summations over the whole spectrum in Eqs. (1) and (2) of second-order perturbation theory. The method we employ to circumvent these summations is to replace the true spectrum by a finite number of excitation frequencies and oscillator strengths as obtained from the equations of motion (EOM) 20 -22 method. The over-all procedure is a direct sum over states method analogous to that of Refs. 11 and 12 (and references therein). The major difference, however, is the procedure for obtaining the oscillator strength distribution. A characteristic feature of our approach is that no constraints are put on the basis functions used in our calculations. Instead, ordinary Gaussian basis sets are used in the HartreeFock (HF) ground state calculation, and the HF orbitals provide the particle-hole basis needed for our calculation. Next we outline the EOM theory which has been fully discussed elsewhere.
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The EOM method is a many-body approach to the calculation of excitation energies and oscillator strengths in which these quantities are calculated directly without requiring elaborate wavefunctions for the states involved. It is specifically designed for calculation of relative quantities rather than absolute energies and total wavefunctions. In the EOM method an operator o; is defined such that o; lo> = I x), (12) where I 0) is the ground state and I X) is some excited state. o; is then shown to satisfy the following equation of motion: (13) where wA is the transition frequency and 6 o; is a varia-Martin, Henneker, and McKoy: Dipole properties of atoms and molecules tion in the amplitudes specifying 0~. The double commutator is defined as
2[A, B, C] =[[A, B], C] +[A, [B, C]]
for any three operators A, B, and C. (14) If o; is limited to single particle-hole components (1p-1h), i.e., my where C ~Y(SM) and Cmy(SM) are spin adapted particlehole creation and annihilation operators. The amplitudes Y(A.) and Z(A.) satisfy the equation
The form of the matrices A, B, and D can be found in Refs. 20 and 21. If the Hartree-Fock approximation is used for the ground state, D becomes the unit matrix and the RP A equations follow :
Higher order solutions of the EOM equations can be derived and have been used to calculate the spectra of •see Ref. 6 of text. fLyman a radiation. several molecular systems with excellent agreement with experiment as well as with other theoretical results. 22 In this work however all the results are computed to the RP A level only.
In the context of the present work, the RP A has the important property of satisfying the Thomas-ReicheKuhn sum rule. This has been formally shown to be the case to the extent of completeness of the basis used in the calculation. 23 Actual computations have shown that reasonably sized bases provide accurate values of the S(O) sum rule (see below). As a consequence of this fact, no special sum rule constraints have to be put on the basis functions. We have also found that the other sum rules are approximately satisfied. The solution of the RP A equations in a discrete basis leads to a discrete set of oscillator strengths which are used directly to estimate a(w), Eq. (1), Some of these f.o's and w no's represent approximations to actual excited states of the system but the discrete virtual states do not correspond to actual transitions. Our expression for the polarizability is thus
where M is the number of states considered (the number of excitations).
The fact that there is no need to go to higher-order approximation beyond the RPA to obtain good results for a(w) and related properties, and that the equations can be solved without using any continuumlike functions, makes the present approach extremely applicable to larger molecular systems and other properties.
Ill. RESULTS AND DISCUSSION
Helium was calculated in three different contracted Gaussian basis sets: (11S/5p), (12S/8P), and (10S/13P) with exponents suggested by Huzinaga 24 and additional diffuse S functions and valencelike P functions. 25 Additional details of the basis sets used will be found in Ap-pendix B. We compare the results in the three bases and show that while there is a considerable change going from (11S/5P) to (12S/8P) little is gained in going to the larger basis. In these calculations, 5, 8, and 12 poles of p symmetry are obtained. The corresponding oscillator strengths and transition energies are found in Appendix C.
For molecular hydrogen we used an uncontracted (8S/5P) Gaussian basis set with exponents suggested by Huzinaga. 24 See Appendix B for further basis set information. From this calculation we have obtained 7 poles of 1 TI" symmetry and 14 poles of 1 2:: symmetry. The resulting excitation spectrum is listed in Appendix C. The calculation was done at a fixed internuclear distance of R = 1. 4 a. u. No vibrational averaging is done. Further comments on the effect of this averaging on the calculated properties will be given in the following.
A. Dynamic dipole properties
Helium
In Table I we compare our results for the frequencydependent polarizability with the exact numerical solution of the time-dependent Hartree-Fock equations (to which the RP A is equivalent) given by Alexander and Gordon. 26 Agreement is excellent. The importance of this comparison is that we are able to obtain essentially exact solutions of the RP A equations using only ordinary Gaussian basis sets. This is particularly important in the present case since we are computing a quantity such as the dipole polarizability which formally involves the continuum (through the Kramers-Heisenberg formula) awavelengths at which experimental refractivity data are available. "'n units of 10· 28 cm2.
•see text for description of basis sets. The (10S/13P) results are identical to the (12S/8P) values to four significant digits. Comparison of this work with experiment and results of Ref. 6. but using only square-integrable functions. This is a highly desirable feature of a method that is to be extended to molecular calculations.
In Table II we show the results we obtained in the continuum (through the Kramers-Heisenberg formula) three different basis sets used. a(w) was calculated at frequencies for which the exact numerical results cited above are available. The P basis used in the (12S/8P) calculation is fairly "complete" in the sense that it provides values of a(w) which do not change appreciably in going to the larger 13P basis. For this reason the results of the larger basis are not shown in the table. Table III shows the (12S/8P) results together with the experimental values (calculated from refractivity measurements through the Lorenz-Lorentz formula) and the moment theory bounds results of Ref. 6 . Agreement of our values with experiment is good, the difference being less than 5% in all cases. Moreover this difference is reasonably constant over the range of frequencies for which experimental data are available. This suggests that if our results are scaled so that our static value agrees with the static polarizability extrapolated from the experiments, close agreement can be obtained for all other frequencies. This situation is exactly analogous to what was found by Hurst et al.
27 Figure 1 shows the dispersion curve of a(w) of helium from zero frequency out to the second pole. The poles are marked on the axis by small triangles. The values given by this curve agree with those of Alexander and Gordon 26 even for frequencies above the first pole. Figure 2 shows a smaller section (in an expanded scale) of the dispersion curve in the region for which experiments and other calculated results are available. Our curve parallels closely the experimental points. From this it is reasonable to expect accurate values for the frequency derivative, da(w)/dw, required to predict Martin, Henneker, and McKoy: Dipole properties of atoms and molecules Verdet constants. Here we use the Becquerel formula (Eq. (10)] which is believed to hold for atoms with reasonable accuracy. The modified Becquerel formula which is more widely used contains a empirical (frequency-independent) factor. Table IV shows the values we obtain for the Verdet constant in the different basis sets. Again it is clear that the intermediate size basis was enough to describe properly the property at hand. Table V shows a comparison of our (12S/8P) results with experimental and semiempirical data as well as with other theoretical calculations. Agreement of our values with both experimental and semiempirical data is very good, especially since Ingersoll and Liebenberg2 6 found that helium conforms to the Becquerel formula to within 4% only (i.e., they find 0. 96 for the average value of the constant involved in the modified Becquerel formula). Our values are also in excellent agreement with a previous timedependent coupled Hartree-Fock calculation (KCH) in Table V ). Even at the Lyman alpha line (1215. 7 A) our results are still in reasonably good agreement with the semiempirical estimates. Figure 3 shows a plot of our :: ·r---------·· ---------- We also compute the Rayleigh scattering cross sections for helium using Eq. (11) . These are listed in Table VI for the different basis sets used. It is clear that the (12S/8P) was complete enough to describe the property. In the case of the Rayleigh scattering cross section there are no direct experimental measurements. For this reason we compute the cross sections from the experimental refractivity data and compare them with our values in Table VII . Agreement is good over a wide range of frequencies, being better at lower values. We also compare it with other theoretical estimates available.
Agreement is also good. For i\.,: 2500 A, the values listed in the last column of the table come from a timedependent Hartree-Fock calculation. Our results agree very closely with these as they should. a plot of our results and "experimental" (in the sense explained above) data.
Molecular hydrogen
In 10 One must be careful in comparing these results with experimental or semiempirical results because they pertain to a fixed internuclear distance (R = 1. 4 a. u. in the present case of H 2 ) and it has been shown recently 11 • 12 that vibrational and rotational averaging can have a significant effect on the calculated properties (in some case of the order of 42% higher w values where the averaging effects should be greater. Our agreement with other theories is excellent (including the accurate Ford and Browne results). Figure 5 shows our dispersion curve for the total polarizability out to the second pole. Figure 6 shows a more detailed view (expanded scale) of this curve together with experimental points. Martin, Henneker, and McKoy: Dipole properties of atoms and molecules cept at 6328 A-see table) so the semiempirical spectrum of Dalgarno and Victor 10 is used as a reliable comparison guide. The difference between our values of the anisotropy at higher frequencies and those from the model spectrum are within the possible averaging effects found by Ford and Browne. 12 In fact our result agrees very well with their unaveraged result. the Becquerel formula (on which our results are based) and the lack of rotational and vibrational averaging should again be kept in mind. Our results are in good agreement with the experimental values (-"' 5% in most cases). At much higher frequencies, for which experiments are unavailable, our results compare well with the semiempirical estimates (-10%). Figure 7 shows a plot of our results and the experimental Verdet data. We have also computed Rayleigh scattering cross sections using our a (,u) and y(w) data in Eq. (11). Theresults are shown in Table XI . Since no direct measurements are available we compare with the model spectrum as before. The same remarks about the averaging made before apply here again. At lower frequencies our results are within about 10% of the semiempirical S(-4) S(-6) estimates deviating more strongly at higher frequencies. This is due mainly to the lack of averaging in our anisotropy value. A plot of our results and the semiempirical values is given in Fig. 8 .
B. Sum rules and van der Waals coefficients
The Thomas-Reiche-Kuhn sum rule (which the exact RPA results satisfies identically) is just one of a set of generalized energy weighted sum rules S(k) defined by
For diatomic molecules this is usually broken up into two components S"(k) and S'(k) involving transitions polarized either parallel or perpendicular to the molecular axis. With these definitions we have
and written for diatomic molecules as
N being the number of electrons in the system.
We have used our oscillator strength distributions for He and H 2 to compute several of these sums and have collected them in Table xn where they are compared with previous estimates. Good agreement is found for a large number of these sum rules. This explains in part the success of RP A theory in predicting secondorder optical properties.
We have also calculated several dipole interaction coefficients through direct use of Eq. (2) and a direct sum over our discrete spectrum. These results in Table  Xlll agree well with the best previous estimates from Pade approximants and Gaussian quadrature procedures. 8 
IV. CONCLUSIONS
A sum-over-states procedure using a spectrum (excitation energies and oscillator strengths) from the random phase approximation in a completely square-integrable (Gaussian) basis is shown to be accurate and practical for the calculation of dipole dynamic polarizabilities and anisotropies. Applications are made to helium and molecular-hydrogen. It is shown that essentially exact solutions of the RP A equations (even beyond the first pole) can be obtained using only boundlike (Gaussian) basis functions on which no special constraints are imposed (e. g., sum rule constraints). This is important since second-order optical properties formally involve the continuum.
Our dynamic polarizability results for helium are in good agreement with the exact numerical solution provided by Alexander and Gordon. 26 The results for molecular hydrogen also agree well with the best calculations available.
The RPA satisfies the Thomas-Reiche-Kuhn sum rule exactly, and we have found that it also satisfies approximately a large number of other related energy weighted sum rules.
The accuracy of the results and the practicality and applicability of the procedure to larger molecular systems (CO, N 2 , C0 2 , H 2 0, C 6 He, etc. ) 22 shows that the proposed method can be of wide use in the study of second-order properties and dispersion force coefficients.
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